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Abstract— Regularization-based image restoration is one of
the most powerful tools in image processing and computer
vision thanks to its flexibility for handling various inverse
problems. However, designing an optimal regularization function
still remains unsolved since natural images and related scene
types have a complex structure. In this paper, we present a
general and principled framework, called deeply aggregated
alternating minimization (DeepAM). We design a convolutional
neural network (CNN) to implicitly parameterize the regularizer
of the alternating minimization (AM) algorithm. Contrary to
the conventional AM algorithm based on a point-wise proximal
mapping, the DeepAM projects intermediate estimate into a set
of natural images via deep aggregation. Since the CNN is fully
integrated into the AM procedure, all parameters can be jointly
optimized through end-to-end training. These properties enable
the DeepAM to converge with a small number of iterations, while
maintaining an algorithmic simplicity. We show that the DeepAM
outperforms state-of-the-art methods, including nonlocal-based
methods, Plug-and-Play regularization, and recent data-driven
approaches. The effectiveness of our framework is demonstrated in a variety of image restoration tasks: Guassian denoising, deraining, deblurring, super-resolution, color-guided depth
upsampling, and RGB/NIR restoration.
Index Terms— Regularization-based image restoration, joint
restoration, convolutional neural network, alternating minimization, half-quadratic minimization, proximal mapping.

I

I. I NTRODUCTION
MAGE restoration has been actively studied as an indispensable process in various image processing and com-
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puter vision applications. The goal of image restoration is to
reconstruct a clean image from a degraded observation. The
observed data is assumed to be related to the ideal image
through a forward imaging model that accounts for noise
[1], blurring [2], and/or sampling [3]. Consequently, image
restoration is an inverse problem as it essentially amounts
to inverting the forward model. This problem is highly illposed in the sense that there are more unknowns to estimate
than measurements and the forward model is non-deterministic
[4]. Simple modeling with observed data only produces an
infinite number of feasible solutions. Thus, it is hopeless to
choose among all possible ones without imposing an additional
regularization that encodes our preference about good images.
To that end, image restoration is usually formulated as an
energy minimization problem consisting of data fidelity and
explicit regularization terms [1], where it is most common to
seek the image with lowest energy value. Additionally, joint
image restoration leverages a guidance signal, captured from
different imaging modalities, such as infrared, flash, and color
images, as an external cue to regularize the restoration process.
This approach is fundamentally helpful in various applications,
including color-guided depth upsampling [5]–[7], cross-field
noise removal [8], and infrared-guided dehazing [9].
Regularization-based image restoration involves minimization of non-smooth and non-convex energy functions for
yielding high-quality restored results. Solving such problems
typically requires a huge number of iterations, and thus an
efficient optimization strategy is preferable. One of the most
popular methods is alternating minimization (AM) algorithm
[10] that introduces auxiliary variables. The energy function
is decomposed into two sub-problems, which are related to
data and regularization terms, respectively. Each sub-problem
is relatively simple to minimize, allowing the use of a more
sophisticated regularization. In the literature, the AM algorithm has been widely adopted with various regularization
models, including image gradients [1], [2], nonlocal selfsimilarity [11], and group sparsity [12]. It is worth noting that
these models are heavily engineered solutions to mimic the
properties of natural images. Although the hyper-Laplacian of
image gradients [2] reflects the long-tail statistics of natural
images well, it is non-trivial to devise an optimal regularization function for a specific restoration problem. To address
this issue, using a Gaussian radial basis function (RBF),
several works [13], [14] have attempted to parameterize the
regularization process (proximal mapping [13] or influence
function [14]) of the AM algorithm. However, they assume
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point-wise separable regularization functions, which is not
flexible enough to describe complex structures of natural
images.
Instead of carefully designing regularization functions, several approaches [15]–[17] have focused on the modular structure of the AM algorithm. It allows to replace the sub-problem
related to the regularization term with off-the-shelf denoising
methods, e.g., nonlocal mean [18] and BM3D [19], which
serve as an implicit regularizer. Eventually, restored results are
obtained by interleaving the sub-problem related to the data
term and multiple denoising modules. Due to the heuristic
nature, this type of algorithm is called the Plug-and-Play
AM [15]–[17]. The Plug-and-Play AM has shown promising
empirical results in a number of applications, such as deblurring, super-resolution, and inpainting. However, it requires
manual parameter adjustments and lots of iterations to achieve
satisfactory results.
In parallel, discriminative learning methods have been
widely studied to solve the image restoration problems.
The representative works include the anchored neighborhood
regression [20], multi-layer perceptron [21], and convolutional
neural network (CNN) [22]–[26]. With the help of large training data, these approaches learn a direct nonlinear function
from degraded observation to ideal image. For example, lowresolution (LR) images are generated from high-resolution
(HR) ones, and then the nonlinear function between the
corresponding pairs can be learned using the CNNs [23],
[25]. Similarly, the CNN can be used to solve image deblurring [24] or denoising [26]. While training of the CNN is
very expensive, a high testing efficiency is achieved through
parallel processing on GPU. The CNN-based methods have
shown better performance than conventional regularizationbased restoration methods. However, they have a limited
capacity in adapting the observation models that characterize
the degradation processes, i.e., the forward imaging models are
not exploited and generally ignored. Furthermore, the CNN
lacks regularization constraints over neighboring pixels, often
bringing poor edge delineation and spurious regions. To overcome these limitations, several attempts have been made to
combine the regularization-based approach with the CNNs.
The works of [28]–[30] refine the results by integrating handcrafted regularization model into top of the CNNs. They train
the overall procedure in an end-to-end manner using the bilevel
optimization technique. However, the bilevel optimization is
solvable only when the energy function is convex and is
twice differentiable [28]. In [31], the CNNs trained for image
denoising are adopted in the Plug-and-Play AM algorithm.
The CNN denoiser has advantages in exploiting large training
data and leads to a more powerful regularizer, compared to
conventional hand-designed denoisers [18], [19]. However, it is
always pre-trained [31]–[33] and cannot be optimized jointly
with other model parameters.
In this paper, we propose a generic method for image
restoration that effectively uses the recent data-driven
approach in the energy minimization framework, called deeply
aggregated alternating minimization (DeepAM). Specifically,
we design the CNN architectures to be operated as a proximal
mapping for optimization algorithm. This naturally leads to
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the aggregated (or multivariate) mapping in the AM algorithm,
showing better restoration performances than the conventional
point-wise proximal mapping [2], [10], [13]. Since the CNNs
are fully integrated into the AM algorithm, the whole networks
can be jointly optimized in an end-to-end manner. Experimental results demonstrate that the DeepAM can achieve stateof-the-art performances on a number of restoration tasks. A
short version of this work appeared in [34]. We extend our
preliminary work in the following aspects.
• We provide an in-depth presentation of the DeepAM, and
discuss its relations to other approaches.
• We extend [34] to handle various underdetermined inverse
problems, i.e., deblurring and super-resolution by explicitly considering the observation models. For each task,
we derive an efficient back-propagation rule for the endto-end training.
• An intensive experimental study and comparison of the
DeepAM with several state-of-the-art restoration methods
are presented.
The remainder of this paper is organized as follows.
Section II describes related works for image restoration.
Section III provides some background and motivation of
our work. We present the proposed method in Section IV.
An extensive experimental evaluation is then provided in
Section V. Finally, Section VI concludes this paper.
II. R ELATED W ORKS
This section briefly reviews existing image restoration methods. Within various methodologies, we discuss three lines of
research that are most relevant to ours: regularization- and
CNN-based methods, and their hybrid approach.
A. Regularization-Based Image Restoration
The total variation (TV) [1] is the most popular regularization function that penalizes L 1 -norm of image gradients. It
forms a convex optimization problem which can be solved
efficiently with a variety of algorithms, and guarantees a
global optimality. The success of TV has prompted an in-depth
study on regularization-based image restoration. Krishnan and
Fergus [2] showed that the marginal distributions of real-world
images have significantly heavier tails than L 1 -norm, and
adopted a hyper-Laplacian function. Other examples include
Lorentzian function [35], total generalized variation (TGV)
[36], and L 0 -norm [37]. Motivated by the sparse property
of images, sparsity priors have been widely incorporated as
the prior knowledge of natural images. Moreover, Dong et al.
[38] proposed to exploit the structural self-similarity of natural
images with sparsity prior. Several approaches have attempted
to learn regularization function from training data. Li et al.
[39] proposed a hybrid parametric sparse model to learn the
prior of HR images from training set and input LR images.
Schmidt and Roth [13] proposed a cascade of shrinkage fields
(CSF) using learned Gaussian RBF kernels. Similarly, Chen
and Pock [14] modeled a nonlinear diffusion-reaction process
[35] with parameterized linear filters and influence functions.
Another closely related literature to ours is the Plug-and-Play
regularization [15]–[17]. Venkatakrishnan et al. [15] showed
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that the proximal mapping of alternating direction method of
multiplier (ADMM) algorithm can be regarded as a single
denoising step, and used an off-the-shelf denoiser [18], [19] for
tomographic reconstruction. In the same spirit, Brifman et al.
[16] recast the super-resolution problem into a series of denoising ones. Chan et al. proved the fixed point convergence of
Plug-and-Play ADMM with the concept of bounded denoisers
[17]. Although the Plug-and-Play ADMM has demonstrated
the effectiveness in a number of applications, it requires tuning
some parameters manually and lots of iterations to converge.
Joint restoration methods using a guidance image captured
in different configurations have been also studied. In [5]–[7],
HR RGB images were used to assist the regularization process
of LR depth images. Shen et al. [8] proposed to use darkflashed NIR images for the restoration of noisy RGB image.
In [40], RGB image captured in dim light was restored using
flash and non-flash pairs of the same scene.

Fig. 1.
(a) Illustrations of the regularization function  and (b) the
corresponding proximal mapping. Intuitively, the main purpose of (b) is to
pull small coefficients toward zero since they are assumed to be caused by
noise. Instead of such handcrafted regularizers, we implicitly parameterize
the regularization function using the deep aggregation, leading to a better
restoration algorithm.

B. CNN-Based Methods
Inspired by the tremendous success of deep learning for
high-level vision, the CNNs have been applied for lowlevel image restoration tasks. Direct nonlinear functions from
degraded observation to clean image has been learned from
the large-scale training data [22]–[27]. Note that their learning
capability depends heavily on the choice of CNN architectures.
For image super-resolution, Dong et al. [23] designed a
shallow network that consists of three convolutional layers,
and investigated its connection to traditional sparse codingbased methods. A similar architecture was used to solve image
denoising and inpainting [22]. Xu et al. [24] cascaded 1D
horizontal and vertical convolutional layers for deblurring, and
avoided rapid parameter-size expansion. In general, a deeper
and wider architecture does not necessarily produce better
restoration results, due to the gradient vanishing problem.
It was also noted that deeper networks would have higher
training/testing errors than shallow one [23]. The works of
[25], [26] resolved this problem by designing very deep
CNNs with residual learning [41], and achieved state-of-the-art
super-resolution and denoising performances. Bae et al. [27]
indicated that the residual learning is a special case of manifold simplification. They further proposed to use a wavelet
transform to simplify topological structures of degraded and
clean image manifolds [27]. For joint restoration, Li et al.
designed the CNN to selectively transfer salient structures that
are consistent in both guidance and degraded images [42]. Hui
et al. [43] extracted multi-scale guidance from RGB image for
depth upsampling.
Despite their excellent performance, the aforementioned
CNN-based methods do not ensure that the restored results
are consistent with the observed images under the degradation processes. In contrast, the DeepAM explicitly takes into
account the degradation models in a unified CNN framework.
C. Hybrid Approaches
The CNNs lack imposing the regularity constraint on adjacent similar pixels, often resulting in poor boundary localization and spurious regions. To deal with these issues, several

approaches have attempted to integrate energy minimization
models into the top of the CNNs [28]–[30]. Ranftl and Pock
[28] defined unary and pairwise terms of Markov random
fields (MRFs) using the outputs of the CNNs, and trained
network parameters with the bilevel optimization. Similarly,
the mean field approximation for fully connected conditional
random fields was modeled as recurrent neural networks [44].
A non-local Huber regularization [30] and an anisotropic TGV
[29] were combined with the CNNs for a high-quality depth
upsampling. Note that these methods try to integrate handcrafted regularization models into the top of CNNs. On the
contrary, we use the CNN to parameterize the regularization
process in the AM algorithm.
Recently, the work of [31] showed that CNN denoisers can
be used for the Plug-and-Play AM algorithm. Bigdeli and
Zwicker [32] trained denoising autoencoders, and adopted the
squared magnitude of mean shift vectors as the regularizer. The
resulting optimization problem is solved by gradient descent
algorithm [32]. Meinhardt et al. [33] considered various convex optimization algorithms, where the proximal operator can
be replaced by the CNN denoiser. These approaches can take
advantages of both the regularization- and CNN-based restoration methods. However, The CNN denoiser and autoencoder
used in [31]–[33] are pre-trained, which are not trained by
end-to-end learning. Very recently, various works [45]–[48]
have proposed to train the overall frameworks in an endto-end manner. Yang et al. [45] designed effective unrolling
architectures for compressive sensing MRI. Dianmond et al.
[47] presented unrolled optimization with deep priors. In [46],
they solved the problem of [49] (called OneNet) by training the
overall framework of ADMM in an end-to-end manner. Dong
et al. [48] optimized the reconstruction subproblem through
a single step of gradient descent, which enables the whole
parameters to be trained in an end-to-end manner. Different
from [45]–[48], we derive efficient back-propagation rules
with respect to various degradation models (including noise,
blurring, and/or sampling). Furthermore, we apply our method
into various restoration problems, including single and joint
image restoration.
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Fig. 2. Examples of image deblurring: (a) input image, (b) TV [10], (c) CSF [13], (d) PnP [17], and (e) ours. Our aggregated mapping outperforms the
traditional point-wise proximal mapping derived from TV [10] or learned Gaussian RGB [13]. The PnP [17] is implemented with the BM3D denoiser [19].
Although it is conceptually similar to our aggregation approach, they still relies on the handcrafted denoiser and the whole process cannot be optimized jointly.

III. BACKGROUND AND M OTIVATION
The regularization-based image reconstruction typically formulates data fidelity term for degraded input and regularization
term for output to be reconstructed. The output image is then
computed by minimizing an objective function that balances
these two terms. Assuming Gaussian additive noise, given an
observed image f and a degradation matrix A, we solve the
corresponding optimization problem:
1
arg min Au − f22 + λ (Gu) ,
2
u

(1)

where λ is a balancing parameter. (·) is a regularization
function that enforces the output image u to meet desired
statistical properties. G is a feature extraction operator. The
joint image restoration employs a guidance image g, denoted
as (Gu, g). The optimization problem of (1) can be solved
using popular gradient descent methods [52], [53] or alternating minimization (AM) algorithms based on the variable
splitting [10], [54]. In this paper, we focus on the additive1
form of AM method [10], as its convergence is much faster
than the gradient decent. We will show that unrolling of the
small number of iterations is enough to achieve promising
performances.
A. Alternating Minimization
By decoupling data and regularization terms with an auxiliary variable v, the additive AM algorithm [10] reformulates
(1) as the following constrained optimization problem:
1
min Au − f22 + λ (v) , subject to Gu = v.
u,v 2

(2)

It clearly coincides with the unconstrained counterpart (1) in
the feasible set {(u, v) : Gu = v}. The constrained problem of
(2) is then solved by the quadratic penalty technique [10],
yielding the augmented objective function:
1
β
min Au − f22 + λ (v) + Gu − v22 ,
u,v 2
2

(3)

1 The multiplicative form [55] requires the inversion of linear matrix with
a very large condition number, making it more difficult to perform the
backpropagation.

where β is a penalty parameter. The AM algorithm performs
the following steps iteratively with respect to v and u:
2
βk 


vk+1 = arg min Guk − v + λ (v) ,
2
2
v
2
1
βk 


uk+1 = arg min Au − f22 +
Gu − vk+1  ,
2
2
2
u
k+1
k
= αβ .
(4)
β
The penalty parameter β increases slowly by factor of α > 1,
i.e., continuation scheme. We denote by k the iteration index.
When β is large enough, the variable v approaches Gu,
and thus the solution of (3) converges to that of (1). The
rationale of this formulation is that each step of (4) may be
much easier than the original unconstrained problem of (1).
The AM algorithm [10] was widely used in hyper-Laplacian
[2], Welsch’s function [57], L 0 -norm [37], and compound
regularizer [56].
B. Motivation
Minimizing the first step in (4) varies depending on the
choices of the regularization function  and β. This step can
be regarded as the proximal mapping [12] of uk associated
with . When  is the sum of L 1 norm or L 0 norm, it amounts
to soft or hard thresholding operators (see Fig. 1 and [12]
for various examples of this relation). The conventional AM
method initializes β to a small constant and increases it
gradually.
operator, v ik+1 =
 k For instance,

soft kthresholding
λ


max{ Gu i − β k , 0}sign Gu i , shrinks large magnitudes of
Guk when β is small. The high-frequency details of an image
are recovered as β increases. Thus, using appropriate β is
crucial for yielding high-quality restoration results. We argue
that such mapping operators may not unveil the full potential
of the regularization-based image restorations, since  and
β are chosen manually. Furthermore, the mapping operator
is performed for each pixel individually [10] in the feature
space (e.g. filter and wavelet coefficients), disregarding spatial
correlation with neighboring pixels.
We propose a new approach that learns the regularization
function  and the penalty parameter β from the training
dataset. Different from the point-wise proximal mapping based
on the handcrafted regularizer, the proposed method learns and
aggregates the mapping of uk through CNNs.
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IV. P ROPOSED M ETHOD
This section first introduces the DeepAM for a single image
restoration, and then extends the method to joint restoration
tasks. In the following, the subscripts i denotes the location
of a pixel in a vector form.
A. Deeply Aggregated Alternating Minimization
We begin with some intuition about why our learned and
aggregated mapping is crucial to the AM algorithm. Traditionally, this mapping step has been applied in a pointwise manner, not
 to mention whether it is learned or not.
With (v) =
i φ(v i ), Schmidt and Roth [13] modeled
the point-wise mapping function as Gaussian RBF kernels,
and learned their mixture coefficients.2 Contrarily, we do not
presume any property of . We instead train the aggregated
mapping process associated with  and β by making use of
the CNNs. In recent work [15], [17], the proximal mapping in
(4) was replaced with off-the-shelf denoising algorithms such
as non-local means [18] and BM3D [19]. This is conceptually
similar to our DeepAM in that the spatial aggregation over
neighboring pixels or patches is commonly performed in the
denoising algorithms. However, they incorporate the denoising
algorithm into the objective function of (1) in a plug-and-play
(PnP) manner, and thus the whole model cannot be optimized
jointly. Fig. 2 shows the deblurring examples of TV [10], CSF
[13], PnP [17] and ours. Our model outperforms other methods
using the point-wise mapping (Fig. 2(b) and (c)) or the PnP
approach (Fig. 2(d)) (see the insets).
The DeepAM reformulates the original AM iterations in (4)
as follows:
u
(uk ),
vk+1 = DCNN
2
1
γk 


uk+1 = arg min Au − f22 +
u − vk+1  ,
2
2
2
u

(5)
(6)

where the continuation parameter β is replaced with γ , which
will be discriminatively learned through end-to-end training.
u
and fused with its parameters. vk+1
λ is absorbed into DCNN
is estimated by deeply aggregating uk through the CNN. Our
reformulation in (5) and (6) allows to turn the optimization
procedure in (1) into a cascaded CNN architecture, which
can be learned by the standard back-propagation algorithm.
It is worth noting that there are various ways to define G in
(4). For instance, our preliminary work [34] employs G = D
which represents a gradient operator for both horizontal and
vertical axes. This means the proximal mapping is performed
in the gradient domain. When G = I, it maps an intermediate
estimate into the image domain. We found through experiments that the performance variation of the two cases is very
marginal. Please refer to Table I for performance analysis.
In this work, we hence chose G = I since it enables more
efficient implementation of (6).
The solution of (6) satisfies the following linear system:
Luk+1 = AT f + γ k vk+1 ,

(7)

2 When (v) =  φ(v ), the first step in (4) is separable with respect to
i
i
each v i . It can be thus modeled by point-wise operation.



where L = γ k I + AT A is a system matrix related to the
observation matrix A. In the following, we introduce how
the u-update step in (7) becomes the part of CNN as a
reconstruction layer.
1) A = I (Denoising): For image denoising, vk+1 is added
back to the noisy input f, and then re-scaled to estimate uk+1 :
 


uk+1 = f + γ k vk+1 / 1 + γ k .
(8)
This can be implemented efficiently using element-wise arithu
metic operations. uk+1 is again fed into DCNN
for the next iteration. Such progressive denoising will show the improvement
over the conventional methods [22], [26] that apply single
forward network only once.
2) A = B (Non-Blind Deblurring): The non-blind image
deblurring is a special case when A is the circular convolution
matrix, i.e., Bu = b ∗ u. In this case, since the system matrix
L is diagonalizable, uk+1 can be computed by taking the fast
Fourier transform (FFT) F (·) on both sides of (7):
uk+1 = F −1

F (AT )F (f) + γ k F (vk+1 )
,
γ k F (I) + |F (A)|2

(9)

where the multiplication/division are all component-wise operations. Once the constant quantities are computed, updating u
requires two FFT calls.
3) A = SB (Super-Resolution): Image super-resolution can
be described by an anti-aliasing B and a sub-sampling
S

matrices. The system matrix L = γ k I + AT A is no longer
diagonalizable by the FFT. One can use the inner conjugate
gradient decent to solve (7), but it is computationally expensive
and is not suitable for parallel implementation. We instead
adopt the polyphase decomposition method proposed in [17].
The u-update step for image super-resolution can be rewritten
using the Woodbury matrix identity [58]:

−1
z
1
Az,
(10)
uk+1 = k − k AT γ k I + AAT
γ
γ
where z = AT f + γ k vk+1 and AAT  = SBBT ST . We
now need to compute the inversion of γ k I + AAT . Note
that since S is a sub-sampling matrix, ST corresponds to a
up-sampling matrix. The polyphase decomposition of AAT
illustrates the fact that this operation is equivalent to applying
the 0-th polyphase component of the BBT , since a time delay
between up-sampling and down-sampling operators leads to
a zero response (see [17] for more details). Thus, denoting
¯B 0 as the 0-th polyphase component of the BBT , (10) can be
implemented with the FFT:
uk+1 =

z
1
− k AT
k
γ
γ

F −1

F (Az)
+ |F (¯B 0 )|

γ k F (I)

.

(11)

The closed-form solution of (11) is exact under the circular
boundary condition.
B. Extension to Joint Image Restoration
This section extends the proposed method to joint image
restoration tasks. The basic idea of joint restoration is to
provide structural guidance, assuming structural correlation
between different kinds of feature maps, e.g., depth/RGB
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Fig. 3. One iteration of our model consists of three major components: deep aggregation network, guidance, and reconstruction layer. For joint image
restoration, the guidance network takes g as input, and extracts feature maps which are then combined with intermediate features of the deep aggregation
network. All of these sub-networks are cascaded by iterating (5) and (6), and the final output is then entered into the loss layer.

and NIR/RGB. Such a constraint has been imposed on the
conventional proximal mapping by considering structures of
both input and guidance images [57], [59]. Similarly, one can
modify the deeply aggregated mapping of (5) as follows:
u
(uk ⊗ g),
vk+1 = DCNN

(12)

where ⊗ denotes a concatenation operator. However,
we observed that such early concatenation is less effective due
to homogeneous attributes of g and u. This coincides with the
observation in the literature of multi-modal feature learning
[60], [61]. Thus, we adopt the halfway concatenation strategy
g
[60] by introducing the sub-network DCNN for an effective
representation of g and then combining it with intermediate
u
(uk ).
features of DCNN
C. Network Architecture
One iteration of the proposed DeepAM consists of three
major parts: deep aggregation network, guidance network (for
joint restoration), and reconstruction layer, as shown in Fig. 3.
The deep aggregation network consists of 15 convolutional
layers with small 3 × 3 filters (a receptive field is of 31 ×
31). Each layer generates 32 feature maps with the ReLU
nonlinearity, except for the last convolutional layer. The batch
normalization is used to reduce the internal covariate shift
[62]. A skip shortcut from the input (uk ) to the output
(vk+1 ) is added to the deep aggregation network (see Fig. 3).
For joint image restoration, the guidance network consists
of 3 convolutional layers, where the filters operate on 3 × 3
spatial region. It takes the guidance image g as input, and
extracts feature maps which are then concatenated with the
third convolutional layer of the deep aggregation network.
The reconstruction layer is implemented according to (8),
(9), or (11) for each application. All of these are cascaded by
iterating (5) and (6), and the final output (u K ) is then entered
into the loss layer.
D. Training
The DeepAM is learned with standard back-propagation
algorithm in an end-to-end manner. We do not require any

approximation or complicate bi-level formulation [29]. Given
M training image pairs {f ( p), g( p) , t( p) } M
p=1 , we train the
network by minimizing the L 2 -loss function:

2
1
 ( p)

(13)
L=
u − t( p)  .
2
M p
u( p) and t( p) denote the output of the last reconstruction layer,
i.e., u K for p-th training sample and the ground-truth image,
respectively. The Adam solver is used with default setting to
minimize the loss function of (13). The derivative for the backpropagation is obtained as follows:

∂L( p)  ( p)
( p)
∝
u
−
t
.
∂u( p)

(14)

At each iteration k, we need the derivatives of the loss L( p)
with respect to v( p) and γ ( p) through the reconstruction layer.
Using the chain rule of differentiation, we have the following
expressions. From here on, the iteration and sample indexes
are omitted to simplify notations.
∂u ∂L
∂L
=
,
∂v
∂v ∂u

∂L
∂u ∂L
=
.
∂γ
∂γ ∂u

(15)

∂L
∂v

and ∂∂γL will have different differential forms in denominator layout according to the observation matrix A.
1) A = I: From (8), it is straightforward to see that ∂∂vL is
directly proportional to ∂∂uL :
∂L
γ ∂L
=
.
∂v
1 + γ ∂u
∂L
∂γ

(16)

can be obtained with the product rule of differentiation:
1
∂L
∂L
=
(v − u)T
.
∂γ
1+γ
∂u

(17)

In the case of denoising, the back-propagation through reconstruction layer is performed using simple arithmetic operations
(multiplication and inner product).
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layer. The input image is corrupted by Gaussian noise with
standard deviation σ = 25. We see that as the iteration proceeds, the high-quality restoration results are produced (Figs.
4(a)-(c)). We report the learned penalty parameter γ at each
iteration in Fig. 4(d). The conventional AM method sets γ as a
small constant and increases it during iterations. Interestingly,
the DeepAM shows very similar behavior,3 but outperforms
the existing methods thanks to the aggregated mapping through
the CNNs, as will be validated in experiments. Furthermore,
the DeepAM automatically satisfies the equality constraint in
(2). As shown in the red line of Fig. 4(d), u − v2 is almost
zero at the last iteration. The green line of Fig. 4(d) denotes the
PSNRs of uk (25.85, 28.33, and 29.44 dBs for each iteration).
V. E XPERIMENTS

Fig. 4. Denoising examples obtained by our DeepAM (trained with K = 3
iterations jointly). See the text for details.

2) A = B: Differentiating both side of (7) with respect to
v, we have:
∂L
∂L
∂L
= γ (γ I + AT A)−1
= γ L−1
.
∂v
∂u
∂u

(18)

Thus, ∂∂vL for deblurring is determined by solving the linear
system of (18). Since γ only appears in the diagonal component of L, we obtain the following expression for ∂∂γL :
∂L
= (v − u)T
∂γ

L−1

∂L
.
∂u

(19)

The detailed derivation of (19) is available in Appendix A.
For image deblurring, the backward step through the reconstruction layer can be performed
using the FFT.
 efficiently−1
3) A = SB: Letting K = AT γ I + AAT
A and differen∂L
tiating both side of (10), ∂v is derived as follows:
∂L
∂L
= (I − K)T
.
(20)
∂v
∂u
We then multiply γ to both side of (10), and take the partial
derivative with respect to γ :
uT + γ

∂u
∂K
= −zT
∂γ
∂γ

T

+

∂z
(I − K)T ,
∂γ

(21)

where we recall that z = AT f + γ v. After some calculation,
with the identity ∂A−1 /∂γ = −A−1 (∂A/∂γ )A−1 [51], ∂∂γL is
obtained as:
 ∂L
∂L
1 T T 2
=
z A P A + v T (I − K) − uT
,
(22)
∂γ
γ
∂u

−1
where P = γ I + AAT
. More details about the derivation of (22) is available in Appendix B. Note that we can
implement (20) and (22) in closed-form using the polyphase
decomposition, as in Section IV-A.
Figure 4 shows the denoising results of our method. Here,
it is jointly trained with three passes of DeepAM, i.e., only
the output of last reconstruction layer passes through the loss

The DeepAM is trained end-to-end for 30 epoches, given
the degraded observation and the groud-truth. We use an
initial learning rate of 10−3 which is kept constant for the
first 10 epochs. After that it is halved every 5 epoches
until the end. The exponential decay rates for the first and
the second moments are set to 0.9 and 0.999, respectively. The
MatConvNet4 with 12GB NVIDIA TITAN GPU is used for
network construction and training. We do not perform any pretraining, that is, the networks are initialized randomly using
Gaussian distributions. In the sequel, we call DeepAM(K ) the
method trained through a cascade of K DeepAM iterations.
We evaluate the DeepAM on six restoration tasks, including denoising, deraining, deblurring, super-resolution, colorguided depth upsampling, and RGB/NIR restoration. The last
two are joint restoration tasks, incorporating an additional
guidance image captured in different sensors.
A. Single Image Denoising
To generate the training data for denoising experiments,
we follow [13] to use 400 images from the Berkeley segmentation (BSD) dataset [69]. These are strictly separated from
all test images. We extract 2 × 105 image patches of size
64 × 64, and add Gaussian noise with σ = 15, 25, and 50 to
synthetically generate noisy patches. The data augmentation
is performed on the fly. We flip and rotate the input patches
with a 25% chance. The total number of iterations is set to
K = 3 as the performance converges after 3 iterations (refer
to Table II). We compared against a variety of recent stateof-the-art techniques, including BM3D [19], WNNM [63],
EPLL [64], CSF [13], TRD [14], DnCNN [26], WDnCNN
[27], and DPDNN [48]. The first two methods are based on
the non-local regularization, and the others are learning-based
approaches. Especially, DnCNN [26] and WDnCNN [27] use
single forward CNN with residual learning of image and
wavelet domain, respectively. DnCNN [26] consists of 17 convolutional layers and 64 intermediate feature maps. WDnCNN
[27] has 20 convolutional layers with 320 intermediate feature
maps. Set12 [19] and BSD68 [69] are used as the test set.
3 We do not impose any constraints that γ should increase during successive
steps. γ for each iteration is initialized to 1.
4 http://www.vlfeat.org/matconvnet/
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Fig. 5. Denoising examples with σ = 50: (a) noisy input, (b) BM3D [19], (c) EPLL [64], (d) WNNM [63], (e) TRD [14], (f) DnCNN [26], and (g)
DeepAM(3) . The input images are from the BSD68 [69]. PSNR/SSIM values are included in upper-right.
TABLE I
T HE PSNR R ESULTS ON 12 I MAGES W ITH σ = 15, 25, AND 50. T HE CSF [13] AND TRD [14] RUN 5 S TAGES W ITH 7 × 7 K ERNELS

Table I shows the peak signal-to-noise ratio (PSNR) on the
Set12 [19] images. The best results for each image are high(3)
lighted in bold. The DeepAMG=D indicates our preliminary
version [34]. We trained DeepAM(3)
G=D again with the same

network architecture in Section IV-C. We observed that the
feature extraction (G = D) has little effect on the denoising
performance. We could find that our deep aggregation used in
the proximal mapping outperforms the point-wise mapping of
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TABLE II
AVERAGE PSNR/SSIM ON BSD68 FOR I MAGE D ENOISING W ITH σ = 15, 25, AND 50. N OTE T HAT, IN T HIS E XPERIMENT, W E F ORCE THE
D EEPAM(1) to (3) TO H AVE THE S AME N UMBER OF PARAMETERS

Fig. 6.

Results of rain removal on real rainy images: (a) rainy image, (b) DetailNet [68], (c) ID-CGAN [70], and DeepAM(3) .

CSF [13] by 0.62 ∼ 0.71 dB. This table also demonstrates
the advantages of the progressive denoising of DeepAM(3)
over DnCNN [26] which applies the single forward network
only once. Note that our method and DnCNN [26] produces
64 and 32 intermediate feature maps. Although three passes
of forward networks are used, DeepAM(3) has 1.5 times
fewer parameters than DnCNN [26]. DPDNN [48] has shown
comparable results with our method. In [48], they obtained an
inexact solution for (6) with a single step of gradient descent.
As a result, our method requires less iterations of AM algorithm (3 iterations) than [48] (6 iterations). The performance
gain becomes larger for higher noise levels. Learning-based
methods tend to have better performance than hand-crafted
models. However, we observe that WNNM [63] based on the
non-local regularization works very well on images that are
dominated by repetitive textures, e.g., ‘House’ and ‘Barbara’.
The non-local self-similarity is a powerful prior on regular
and repetitive texture, but it may lead to inferior results on
irregular regions.
Fig. 5 shows denoising examples, sampled from the BSD68
[69]. The input image is contaminated by Gaussian noise with
σ = 50. One can see that the results of BM3D [19], EPLL
[64], and WNNM [63] contain many visual artifacts, and
tend to oversmooth image structures. TRD [14] and DnCNN
show better visual quality, but produce spurious details in
homogeneous areas. In contrast, the DeepAM(3) shows more
promising result, and visually outperforms the other methods.
It successfully suppresses noises and visual artifacts while
reproducing sharper edges and details.

Table II summarizes an objective evaluation by measuring average PSNR and structural similarity index metric
(SSIM) [65] on the BSD68 [69] test images. As expected,
the DeepAM(3) achieves a significant improvement over the
non-local based method [19], [63] as well as the recent
learning-based approaches [13], [14], [26], [64]. Even though
WDnCNN [27] achieves higher PSNR and SSIM than the
DeepAM(3), the performance gain is marginal considering the
number of network parameters. WDnCNN [27] uses about
30 times larger number of parameters than the DeepAM(3). We
also analyzed our results with different choice of K = 1, 2,
and 3. For a fair comparison, we force the DeepAM(1) to (3) to
have the same number of parameters by adjusting the number
of feature maps. The numbers of intermediate feature maps
for DeepAM(1) to (3) are thus 64, 48, and 32, respectively. We
can see that our progressive scheme via unrolling is indeed
beneficial, and the improvement is saturated after 3 iterations.
B. Rain Streak Removal
Removing rain streaks in outdoor scenes is important for
many computer vision and photography applications. The
rain streak is associated with visibility decrease that causes
image features to be less distinctive and makes many vision
systems easily fail. Given a rainy image f, rain streak removal
aims to decompose the image as the summation of two
components: f = u + r, where r denotes a rain streak layer.
We directly apply our denoising model to recover a rainfree background image u from the rainy image f. We used
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Fig. 7. Deblurring results on real blurry images: (a) blurry image, (b) CSF [13], (c) DAE [32], (d) PnP_CNN [31], and (e) DeepAM(3) . The blur kernels
are estimated by [73], weher are shown in the upper-left of (a).

TABLE III
AVERAGE PSRN ON 100 S YNTHETIC T EST S ET F ROM [70] FOR R AIN
S TREAK R EMOVAL

synthetic rainy images from [70] to generate training data. The
dataset contains a total of 700 clean images for training, where
500 images are randomly sampled from the UCID dataset [66]
and 200 images are chosen from the BSD dataset [69]. The
rain streaks are synthesized using the Photoshop with different
rain intensities and orientations. We randomly sampled 2×105
patch pairs of size 64×64 from the training set, and trained the
DeepAM(3). We compared our method with several leading
approaches, including GMM [67], DetailNet [68] and IDCGAN [70]. The last two methods are based on the CNN
equipped with the off-the-shelf image decomposition [68] and
conditional adversarial learning [70]. For fair comparison,
the DetailNet [68] was retrained on the same training set using
the source code provided by the author. The test set consists
of 100 images that are randomly chosen from the UCID [66]
and the BSD [69] datasets, but are not included in training set.
We report the quantitative measures using PSNR
in Table III. This table clearly shows that the DeepAM(3)
achieves superior quantitative performance with a large
margin. The results on two real-world rainy images are
shown in Fig. 6. For better visualization, we show zoomed
versions of the two regions in the insets. The top example
contains light rain streaks, and the bottom one is with
heavy rain. The DetailNet [68] fails to remove heavy rain
streaks as shown in Fig. 6(b). The ID-CGAN [70] tries to
make the prediction indistinguishable from natural clean
images using the adversarial loss, but produces obvious
visual artifacts and over-smoothed results (see Fig. 6(c)).
Consistently, the DeepAM(3) outperforms the other methods,
and is successful in removing the majority of rain streaks.

C. Non-Blind Image Deblurring
We apply our DeepAM(3) into non-blind image deblurring
with estimated blur kernels. We used 400 clean images from
BSD dataset [69]. Two types of blur kernels are considered:
25 × 25 Gaussian blur kernel of standard deviation 1.6 and
motion kernels from [71]. The motion kernels consist of 8
examples with different size ranged from 13 to 27. We first
obtained 3600 blurry training images by convolving clean
images with the blur kernels, followed by adding small
Gaussian noise with σ = 2.55. Then, blur kernels are estimated from the degraded images using [72] and [73]. The
DeepAM(3) was trained by 2 × 105 patch pairs from the
clean/blurry image pairs with the estimated blur kernels. We
compared our model with three non-blind image deblurring
methods, i.e., CSF [13], DAE [32] and PnP_CNN [31], which
are highly relevant to ours. The first method learns the pointwise proximal mapping, and the others replace the mapping
with the CNN denoiser as a plug-and-play prior. The deblurred
results of color images are obtained from the luminance
channel only except for DAE [32] designed for color image
deblurring. For a fair comparison, we trained CSF again with
our training dataset using a code from the author’s website.5
Table IV shows PSNR values of the competing methods on
the classic 6 gray images. Test images were also generated
in a manner similar to that of training images by convolving
clean images with three blur kernels (See Table IV), followed
by adding Gaussian noise with σ = 2.55. We applied the
non-blind deblurring algorithms with both ground truth blur
kernels and estimated kernels from [72]. For both cases,
DeepAM(3) outperforms the competing methods with large
margin. PnP_CNN [31] shows limited performance in the case
of inaccurate blur kernels.
Fig. 7 shows the results on the naturally blurred images. The
motion kernels are estimated from [73], which are depicted in
the upper-left of Fig. 7(a). Each kernel size is 35 × 35 and
5 https://github.com/uschmidt83/shrinkage-fields
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Fig. 8. Example of image super-resolution: (a) zoomed LR image, (b) NCSR [74], (c) PnP [17], (d) PnP_CNN [31], and (e) DeepAM(3) . The LR image is
obtained by Gaussian blur kernel, followed by downsampling with the scale factor 3. PSNR/SSIM values are included in upper-right.

TABLE IV

TABLE V

AVERAGE PSNR ON 6 T EST I MAGES FOR N ONBLIND I MAGE D EBLURRING .
T WO M OTION K ERNELS A RE C ONSIDERED F ROM [71]

AVERAGE PSNR ON S ET 5 AND S ET 14 FOR S INGLE I MAGE S UPER R ESOLUTION W ITH G AUSSIAN (×3) AND B ICUBIC D OWNSAMPLING
(σ = 0)

For bicubic downsampling,6 the reconstruction layer of (8) is
similarly implemented with denoising case in (8) as follows:

 

(23)
uk+1 = AT f + γ k vk+1 / 1 + γ k .
95×95, respectively. The results from CSF [13] are still blurry
(Fig. 7(b)). DAE [32] and PnP_CNN [31] produce deblurred
results with ringing artifact (Fig. 7(c-d)). It is because the
methods employ the pre-trained CNN denoiser as the proximal
mapping instead of training the network in an end-to-end
manner. Contrarily, the DeepAM(3) is successfully performed
even with inaccurately estimated blur kernels. DeepAM(3)
produces promising results regardless of the size of the blur
kernels. The kernel size of the second example (95 × 95) is
much larger than the kernel sizes used in the training.

D. Single Image Super-Resolution
For image super-resolution, we consider two image degradation settings, i.e., Gaussian and bicubic downsampling. The
former case simulates the low-resolution (LR) images by
applying 7 × 7 Gaussian kernel (as an anti-aliasing filter B)
with standard deviation of 1.6 to the high-resolution (HR)
images, followed by subsampling. The additive Gaussian noise
of σ ∈ [0, 10] is also randomly added to the LR images.

We trained the DeepAM(3) using 2 × 105 LR/HR patch pairs
from 400 training images of BSD dataset [69]. We compare
the DeepAM(3) with state-of-the-art SR methods: NCSR [74],
SRCNN [23], VDSR [25], WDnCNN [27], PnP [17], and
PnP_CNN [31]. The PnP [17] is implemented with the BM3D
[19], and the PnP_CNN [31] uses the CNN denoiser as
image priors. Since the WDnCNN [27] only considers the
bicubic subsampling, we retrained it using the same Gaussian
kernel for a fair comparison. Following the literature, a color
image is converted into YCbCr color space, and only the
luminance channel is super-resolved. The color components
are upsampled using the bicubic interpolation.
The test results on Set5 and Set14 [20] are summarized
in Table V. It shows that, in terms of PSNR, our DeepAM
leads to significant improvements over recent state-of-thearts methods in all cases. Although the WDnCNN [27] was
retrained for the Gaussian kernels, it does not reflect the
6 In this case, the initial step of (5) takes bicubic upsampled f (= AT f)
as the input u0 . To solve the reconstruction layer of (5), we consider the
operation of AT A as I.
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Fig. 9. Depth super-resolution examples (first row : ×8 / second row : ×16): (a) RGB image, (b) ground truth, (c) TGV [5], (d) DJF [42], (e) DMSG [43],
and (f) DeepAM(3) . The input images are from Middlebury dataset [76] and NYU v2 dataset [75]. BMP (δ = 3) values are included in upper-right.

observation model, leading to limited super-resolution performance. The comparisons with PnP [17] and PnP_CNN
[31] clearly demonstrate the effectiveness of our end-to-end
training scheme. The regularizer of the PnP scheme [17], [31]
is pre-specified (or pre-trained), and thus cannot be jointly
optimized with remaining components. Furthermore, the computational complexity is very high as PnP [17] and PnP_CNN
[31] require 20 to 30 iterations for convergence, respectively.
In contrast, our method achieves superior performance by
unrolling the three iterations of AM algorithm [10]. Visual
results of Fig. 8 demonstrate that the DeepAM(3) reconstruct
much sharper edges and details than other methods (best
viewed in electronic version).
E. Color-Guided Depth Upsampling
Modern depth sensors, e.g., Microsoft Kinect, provide dense
depth measurement in dynamic scene, but typically have a low
resolution. A common approach to tackle this problem is to
exploit a high-resolution RGB image as guidance. We apply
our model to this task, and evaluate it on NYU v2 dataset [75]
and Middlebury dataset [76]. The NYU v2 dataset consists
of 1449 RGB-D image pairs of indoor scenes, among which
1000 image pairs were used for training and 449 image pairs
for testing. Depth values are normalized within [0, 255]. To
train the network, we randomly collected 2×105 RGB-D patch
pairs of 64 × 64 from training set. Following [42], a LR depth
image was synthesized by nearest neighbor downsampling
(with factors of ×4, ×8, and ×16). We apply DeepAM(3)
for color-guided depth super-resolution with the special case
of B = I in (10).
Fig. 9 shows color-guided depth upsampling results (top:
×8 and bottom: ×16) of TGV [5], DJF [42], DMSG [43]
and DeepAM(3). Since DMSG [43] is trained on the small
number of RGB/depth images including Middlebury and Sintel
MPI dataset [50], we train the model again with our training data for fair comparison. The TGV model [5] uses an
anisotropic diffusion tensor that solely depends on the RGB
image. The major drawback of this approach is that the RGBdepth coherence assumption is violated in textured surfaces.

TABLE VI
AVERAGE BMP (δ = 3) ON 449 I MAGES F ROM THE NYU V 2 D ATASET
[75] AND ON 5 I MAGES F ROM THE M IDDLEBURY D ATASET [76] FOR
D EPTH U PSAMPLING

Thus, the restored depth image is often contaminated by color
textures, called texture copying artifacts (Fig. 9(c)). The DJF
[42] avoids the texture copying artifacts thanks to faithful CNN
responses extracted from both color image and depth map
(Fig. 9 (d)). However, this method lacks the regularization
constraint that encourages spatial and appearance consistency
on the output, and thus it over-smooths the results and does not
protect thin structures. Even though the DMSG [43] increases
the resolution progressively in the multiple levels leveraging
the multi-scale guidance, the upsampled depth maps are not
aligned with boundaries of the RGB images well (Fig. 9 (e)).
Our DeepAM(3) preserves sharp depth discontinuities without
notable artifacts as shown in Fig. 9(f). The quantitative evaluations on the NYU v2 dataset [75] and Middlebury dataset
[76]7 are summarized in Table VI. The accuracy was measured
by the bad matching percentage (BMP) with tolerance δ = 3.
F. RGB/NIR Restoration
The RGB/NIR restoration aims to enhance a noisy RGB
image taken under low-illumination using a spatially aligned
NIR image. Applying the proposed method to RGB/NIR
restoration poses an additional challenge due to the lack
7 We use 5 examples in the Middlebury dataset [76]: “Adirondack”, “Motercycle”, “Pipes”, “Playroom”, and “Flowers”.
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Fig. 10. RGB/NIR restoration for real-world examples: (a) NIR imagse, (b) RGB image, (c) BM3D [19], (d) Cross-field [8], (e) DJF [42], and (f) DeepAM(3) .
Our DeepAM(3) is trained with blind Gaussian noise in the range of [10, 55].

TABLE VII
T HE PSNR R ESULTS W ITH 5 RGB/NIR PAIRS F ROM [78]. T HE
N OISY RGB I MAGES A RE G ENERATED BY A DDING THE S YNTHETIC
G AUSSIAN N OISE

TABLE VIII
T EST T IME ( IN S ECONDS ) OF D IFFERENT M ETHODS IN S INGLE I MAGE
D ENOISING , D EBLURRING , AND S UPER -R ESOLUTION ON 512 × 512
I MAGES . T HE OVERALL RUN T IME I S M EASURED ON GPU

for [8], [19] were carefully tuned to yield the best visual
performance through extensive experiments. The input pairs
are taken from the project website of [8]. This experiment
demonstrates that the proposed method can be applied to realworld data, although it is trained from the synthetic dataset.
It was reported in [78] that the restoration algorithm designed
(or trained) to work under a daylight condition could also be
used for night condition.
G. Run Time

of the ground-truth training data. For constructing a large
training data, we used the indoor IVRL dataset [77] consisting
of 400 RGB/NIR pairs that were recorded under daylight
illumination. Specifically, we generated 2 × 105 RGB/NIR
patches from 300 image pairs, and added synthetic Gaussian
noise with a wide range of σ ∈ [10, 55] to train DeepAM(3).
In Table VII, we performed an objective evaluation using
5 test images in [78]. Since DJF [42] is only trained
by RGB/depth for depth refinement, we train the model
for RGB/NIR restoration using our training dataset. The
DeepAM(3) gives better quantitative results than other stateof-the-art methods. Fig. 10 compares the RGB/NIR restoration results of BM3D [19], cross-field [8], DJF [42], and
DeepAM(3) on the real-world examples. All the parameters

We compared the test time of DeepAM(3) with recent
learning-based restoration methods, which can be implemented
through GPU. Table VIII summarizes the runtime of the
competing methods in three restoration tasks, i.e., single image
image denoising (with σ = 25), deblurring (with Gaussian
blur), and super-resolution (with scale factor of 3). The size
of test image is 512 × 512, and the test time of all methods is
measured on GPUs. We use the Nvidia cuDNN-5.1 library to
accelerate the CNNs on GPUs. The memory transfer time was
not included between CPU and GPU. For overall restoration
tasks, the proposed DeepAM(3) achieves very appealing computational efficiency compared to other methods. Especially,
DeepAM(3) is much faster than PnP_CNN [31] due to the
small number of the AM iterations.
VI. C ONCLUSION
In this paper, we have introduced a general framework
for image restoration called the DeepAM, which integrates
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the CNNs with an energy minimization model. Contrary
to the existing data-driven approaches that just produce the
restoration result from the CNNs, the DeepAM uses the
CNNs to learn the proximal mapping in the AM algorithm.
Since we do not presume the point-wise separable regularization functions, our aggregated mapping is more flexible
to describe complex structures of natural images. We have
derived efficient forward and backward propagation for the
reconstruction layers depending on the observation models,
which enables optimizing the overall parameters in an end-toend manner. With unrolling only three times of AM iterations,
the DeepAM outperforms nonlocal-based methods, Plug-andPlay regularization, and the CNN-based approaches in various
image restoration applications.
A PPENDIX
A.

∂L
∂γ

for Deblurring

Differentiating both sides of (7) with respect to γ , we can
obtain the following expression:
uT

∂L
∂γ

T

+

∂u T
L = vT .
∂γ

(24)

Since the off-diagonal components of L do not depend on γ ,
∂u
it is straightforward to obtain ∂γ
:
∂u
= (v − u)T L−1 .
∂γ

(25)

Substituting (25) into (15), we have:
∂L
= (v − u)T
∂γ

L−1

∂L
.
∂u

(26)

Thus, the backward steps for γ can be efficiently performed
using the FFT.
B. ∂∂γL for Super-Resolution
Denoting P = (γ I + AAT )−1 and K = AT PA.
is:

∂K
∂γ

∂P
∂K
= AT
A.
∂γ
∂γ
With the identity of
as follows:

∂A−1
∂γ

−1
= −A−1 ∂A
∂γ A ,

in (21)
(27)

∂P
∂γ

is then obtained

∂(γ I + AAT )
∂P
= −P
P
∂γ
∂γ
= −P2
Substituting (27) and (28) into (21) yields:

∂u
1 T T 2
=
z A P A + vT (I − K) − uT ,
∂γ
γ
from which we finally conclude:
 ∂L
∂L
1 T T 2
=
.
z A P A + v T (I − K) − uT
∂γ
γ
∂u

(28)

(29)

(30)

Again, we can efficiently implement (30) in closed-form using
the polyphase decomposition.
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