Basic Linear Algebra
for Al and Computer Vision

Dongbo Min
Department of Computer Science and Engineering
Ewha Womans University, Korea
E-mail: dbmin@ewha.ac.kr




Contents

1. Basics for linear algebra
— Eigenvalue/Eigenvector and Linear regression

— Applications for classical computer vision tasks
(Homography, camera calibration, epipolar geometry)

2. Partial derivatives and chain rules
— Feed-forward/backpropagation of multi-layer perceptron (MLP)

2 £3) olgoixjcyet

‘*;4_ Q/ EEEEEEEEEEEEEEEEEEEE




Eigenvalue and Eigenvector

* Heterogeneous linear system

Ax=D>b

— with a non-zero vector b # 0
— If an inversion of A or AT A exists, an unique solution for x can be obtained simply.

 Homogeneous linear system

Ax =0

— Trivial solution: x =0
— Q: Can we obtain any meaningful solution for the homogeneous linear system?
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Eigenvalue and Eigenvector

* Eigenvalue and eigenvector of n X n matrix A
— A set of oand x satisfying Ax = ox
— Eigenvalue: {g;|i = 1,2, ...,n}
— Eigenvector: {x;|i = 1,2, ...,n}
— Eigenvector is orthonormal as below.

1 ifi=j
x;lx; =
b {0 otherwise

* Whenn X n matrix A is full rank, n non-zero eigenvalues exist
rank(A) = the number of non-zerog; (i = 1,2, ..., n)
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Eigenvalue and Eigenvector

* For afull-rank n X n matrix 4, i.e., rank(A) = n

- /—-\ -——
e

n
E al-xl-xl- = alxxlxl ,+ azxxzxz ,+ -+ an\xnxn

= T~ /—//~

Independent space

T

Generalizing this form for a non-rectangular matrix A (m X n)
- Singular Value Decomposition (SVD)
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Singular Value Decomposition (SVD)

Any m x n matrix A can be written as the product of three matrices
A = UDV?

U: m X m orthonormal matrix
(columns are mutually orthogonal unit vectors)

V:n X n orthonormal matrix
(columns are mutually orthogonal unit vectors)

D: m X n diagonal matrix (its diagonal elements og;: singular values, ¢, = g, = -

Note) both U and V are not unique, but D is fully determined by A
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Properties of the SVD

* Property 1
— The singular values provide the info on the singularities of a square matrix A.
— Square matrix A is nonsingular iff all singular values are different from zero

— z—l . condition number (measuring the degree of singularity of A)
n

* Property 2
— For a rectangular matrix A,
rank(A) = the number of non-zerog; (i = 1, ..., n)

— With a fixed tolerance € (typically of the order of 107°),
the effective rank(A) = the number of nonzero o; (i = 1, ...,n) which is greater than €
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Properties of the SVD

* Property 3

— For a square, nonsingular matrix A = UDV',
A-1 =vDp 1yt

— For a square matrix A = UDVT (i.e., singular or nonsingular)
the pseudo-inverse matrix AT = VD, *UT
D, ' is equal to D~ for all non-zero singular values and zero otherwise.

* Property 4
— The columns of U corresponding to non-zero singular values = A’s range
— The columns of V corresponding to zero singular values = A’s null space
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Properties of the SVD

* Property 5
— n X n matrix ATA
non-zero eigenvalues = the squares of non-zero singular values o;

eigenvectors = columns of V

— m X m matrix AAT
non-zero eigenvalues = the squares of non-zero singular values o;

eigenvectors = columns of U

— For u;, and vy, (columns of U and V corresponding to oy,)
Auk = O, Vg
T, _
A VU = OrpUy
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Properties of the SVD

* Property 6
— Frobenius norm ||A||r of matrix A
— |Allr = Xy ai;
~ IAllr = %y 01

(&) o|stoi Xyt
10 ) OMANS E

\~4;‘éy EWHA WOMANS UNIVERSITY



Solving non-homogeneous and homogeneous linear system

« Ax=b > x=(ATA)"1ATD
— This solution is known to be optimal in the least square sense.
— Namely, it is equivalent to minimizing ||Ax — b||?

e Ax=0
— Aimxnmatrix m=>n—1,rank(A) =n—-1
— |ts trivial solutionis 0

— To find a non-trivial solution, we can find the solution up to a scale factor through Singular Value
Decomposition (SVD).

As the norm of the solution is arbitrary, we impose a unit norm constraint on the solution

min||Ax||? subject to ||x||* = 1
X

Introducing the Lagrange multiplier A m1n(||Ax||2 — /1(||x||2 — 1))
X

(&) o|stoi Xyt
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Solving non-homogeneous and homogeneous linear system

rrlfin(IIAXII2 — A(llx|I* = 1))
Equating to zero the derivative with respect to f gives

ATAx —Ax =0

This equation tells
A = eigenvalue of ATA and x = e, corresponding eigenvector.

Then, with this solution the objective becomes
IAx||* = A(Jlx||* — 1) = A

In short,
the solution = the column of V corresponding to the null (non-zero) singular value of A
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Solving non-homogeneous and homogeneous linear system - Rayleigh quotient

* For a given complex Hermitian matrix M and nonzero vector x, the Rayleigh quotient
R(M, x) is defined as follows.

x*Mx

RM,x) = por

* For covariance matrix M = ATA, let us denote A; and v; as eigenvalue and eigenvector of M

Mvi = ATAvl- = Aivi

v'erTAvl — vrll-‘)llvl Subject to |vi| =1
AvI2 = Al
|Av]|?

vz
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Solving non-homogeneous and homogeneous linear system

4 , p
Problem statement Solution
Minimize ||Ax — b||? x = (ATA)"'ATDb
Least square solutionto Ax = b x = A\Db (in matlab)
\_ J
4 , R
Problem statement Solution
Minimize x TATAx st. xTx =1 v, 4] = eig(ATA)
TAT
Minimize X A Ax X=v3: 04 <Ay n
xTx
Non-trivial solutionto Ax = 0
& y
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Applications: Estimating Geometric Transformation

* General form of geometric transformation

— Including translation, rotation, scale, skew, and so on.

p. 35-38 of Computer Vision: Algorithms and Applications (Richard Szeliski)
http://szeliski.org/Book/drafts/SzeliskiBook 20100903 _draft.pdf
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Applications: Estimating Geometric Transformation

e 2D parametric transformation
— Translation
— Rigid (Euclidean) transformation
— Similarity transformation
— Affine transformation
— Projective transformation

/ similarity plO]@C'[lVE:
tr anslatlon

Y
Euclidean aﬁme

L/ x>

p. 35-38 of Computer Vision: Algorithms and Applications (Richard Szeliski)
http://szeliski.org/Book/drafts/SzeliskiBook_20100903_draft.pdf
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Applications: Estimating Geometric Transformation

x'=h(x) =MX whereX = ()16)

Transformation Matrix # DoF Preserves Icon

translation [ I | t } 2 orientation
2x3

rigid (Euclidean) [ R ’ t ]2 3 3 lengths
9y

similarity { s | t } | angles O

2x3

affine { A ] 6 parallelism
2x3

projective { H ]3X3 8 straight lines E‘ h= \o]g}o:lx}l:ﬂm—!
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Estimating Affine Transformation

p - (x) ° For a pair of corresponding pixels

W [ R

~ Q8 [0 > Q
I
7~ N\
< =
~

A x b

For N = 3 pairs of corresponding pixels, affine transform L0 0 o |
for I; = I, can be computed as follows. N a x{
00 0 x 3 L ||y

A= NN F R
. X, W = V2

> x = (ATA)"1ATD - A

e .

xy yy 1 0 0 O 7 Xy

00 0 x, y | Vi
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Homography

Question
Given a set of point correspondences between two views,
can we match an arbitrary point in a view to another view?

Note: All the points should be on the same planar surface.
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Homography
* Relationship between two views
x' = Hx

— They have same directions.
— Hx are collinear: x' X Hx =0

() o|voixjryBtm
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Estimating Homography

* How to compute homography matrix

For N = 4 pairs of corresponding pixels

x oy 1 0 0 0 -xx -xy -x| bk 0
(x ' ) hi1 hiz  hys <X> 0 0 0 x » I -y -»w | 0
! . .

y
1

Xy vy 100 0 —xux, —xy, —xy |y 0

h31 h32 h33

0 0 0 xy yy 1 -yxy =¥y —vy)| B | \0
h

Solving Ah = 0 requires using SVD.

(%) o|gfoixjryeta
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Image Stitching using Homography

Stitched image using
the estimated homography

-

r

a Ll o
TR .
"!"-"ll"' n "!'L

: . . l ‘H
{ | 4
R —

[ B

bl <~ »
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Neural Networks
Simple Example: Multi-Layer Perceptron (MLP)

&\ o] g}y X} Bl m—;
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Derivative

* Optimization using derivative

— 1t order derivative oy [t Ax) = f(x)
['(x) = lim

Ax—0 Ax

— f'(x): The slope of the function, indicating the direction in which the value increases
—> The minima of the objective function may exist in the direction of —f'(x).
—> Gradient descent algorithm: d8 « —f'(x)

F 3

\ ..ff 1) y=f(x)=x"—4x+3
' e

\\;///\ — X y=Ffx)=2x-4
- /}‘{x:

(-
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Partial Derivative

 Partial derivative

T
— Derivatives of functions with multiple variables EX) 7f of <5f (3f>
- : L. "ox'\ox, ox,
— Gradient: the vector of the partial derivative

4
I -3
f(x) = fxy,x;) = (4 —2.1x% + ,;)xf + x,X%, + (4 + 4x3)x2

b

ad af o
U =W = = (o

T
Ix ) = (2x7 — 8.4x] + 8x; + x,,16x3 — 8x, + x;)7

(%) O| o X}y ot
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Chain Rule

e Chain rule

f(x) = g(h(x)) f'(x) = g'(h(x))R' (x)
f(x) = g(h(i(x))) f'(x) = g'(h(i(x)))R' {(x)i' (x)
Ex) f(x) =302x*=1)?*=202x*=1)+5 h(x) = 2x* -1

:> f'(x) = (3%2(2x% —1) —2) (2 % 2x) = 48x* — 32x

g’ (h(x)) ! (x)

* Multi-layer perceptron (MLP)

— Example of composite function
— Error back propagation: 2

Oi

use the chain rule to compute —
0U54

26

(3 o|gfofxjch ot
ANS E

GBS/ EWHA WOMANS UNIVERSITY



Jacobian Matrix and Hessian Matrix

Jacobian matrix

— 1t order partial derivative matrix for f: R? = R™

Oh Oh . 9%
dx, 0x, x4
9h 9L 9
J=|0x, ox,  ox,
U U . U
dx, dx, x4

Hessian matrix

— 2" order partial derivative matrix

(i S A

0x,x; 0xyX, dx;x,
0°f *f 0°f

H = 0x,x; 0X:X5 dx-,x,
d*f d*f 0*f
0x,x;  0X,%; @x”x”/

2 3
EX) R » R f(x) = (2, + x2, —xZ + 3x,, 4x,%,)"

2 2x, 2 2
I = (_2)51 3 ) ]l(z,l)T = _4‘ 3
4x;  4xy 4 8

~a
2 X 3 or 3 X 2 matrix can be used.
Here, we define it as 2 X 3 matrix.

Ex) f(xX) = f(x,x;)

4
X
= (4 —2.1x% + ?1) X7+ x,%, + (—4 + 4x3)x3

H - 10x} —25.2x{ + 8 1
- 1 48x% — 8

Hloum = (] 4)

27
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Applications: Neural Networks

e Activation function
— Softmax, Sigmoid, RelLU, Leaky RelLU

e Loss function
— Regression loss, Hinge loss, Cross-entropy loss, Log likelihood loss

28 (%) o|2toixty ety
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Activation Functions

Sigmoid : Leaky ReLU
1
o(x) = 1+ o7 max(0.1x, x)
e
_— -
-10 10
tanh : Maxout
— ex _e—x ) | maX(W{x+b1,ng+b2)
tanh(X) =~ g 10 10
e e
1
10 10
RelLU ELU
max (0, x) X x =0
a(e*—1) x<0 )
-10 ¢ 10 - ol
2 (%) o|ztolxjcytta
%w EWHA WOMANS UNIVERSITY



Softmax Activation Function

Softmax activation function

cat
car

frog

3.2
5.1
-1.7

exp

scores = unnormalized log probabilities of the classes.

— Probability can be computed using scores as below.

24.5
164.0
0.18

Probability of class label being k for an image x;

P(Y = k|X =x;) = px

¥ unnormalized probabilities

normalize

unnormalized log probabilities

-

0.13
0.87
0.00

probabilities

30

ek
— C S Softmax activation
: eJ .
j=1 function
X;:image

y;: class label (integer, 1 < y; < C)

S=le-+b T

(=) O|oix|ljoty

Q@fy EWHA WOMANS UNIVERSITY



Loss function

e Loss function

— quantifies our unhappiness with the scores across the training data.

* Type of loss function
— Regression loss
— Hinge loss
— Cross-entropy loss
— Log likelihood loss

() o|voixjryBtm
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Loss Function: Log Likelihood Loss

* Log likelihood loss o

P2 | probability for i*" image
(It is assumed to be normalized, i.e. |p| = 1.)

Pp=| :
L; = —logp; where j satisfies z;; = 1 e

z;: class label for i*" image
(C X 1 vector, z;; = 1 when j = y; and 0 otherwise)

y;: class label (integer, 1 < y; < C)

Example
Suppose it image belongs to class 2 and C = 10.
0 0.1
1 0.7
z=|0 p=|0| [ > L=-log07
0 0.2

32 (%) o|stojxcyiotp
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Softmax + Log Likelihood Loss

* Log likelihood loss o

P2 | probability for i*" image
' (It is assumed to be normalized, i.e. |p| = 1.)

Pp=| :
L; = —logp; where j satisfies z;; = 1 e

z;: class label for i*" image
(C X 1 vector, z;; = 1 when j = y; and 0 otherwise)

y;: class label (integer, 1 < y; < C)
e’

> L = —log| ¢ oS

j=

This can be interpreted as minimizing the negative log likelihood of the correct class.
- Maximum Likelihood Estimation (MLE)

. (=) 0|30l x|y ot
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cat
car

frog

3.2
5.1
-1.7

Softmax + Log Likelihood Loss

exp

24.5
164.0
0.18

unnormalized probabilities

normalize

unnormalized log probabilities

>

34

0.87
0.00

probabilities

Softmax + Log likelihood loss:
is often called ‘softmax classifier’

0.13 |~ L_i=-log(0.13)

= 0.89
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Loss Function: Regression Loss

Regression loss

— Using L1 or L2 norms
— Widely used in pixel-level prediction (e.g. image denoising)

L; = ly; — si
Li = (y; — §1)°

0 0.1
1 0.7

yi=|0 si=| 0 | [ > Li=lyi—sd=10-01]+]1-0.7]+]0-02
0 OfZ

(=) o|stofx}cfi st
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Partial Derivative (Jacobian Matrix) of Linear Equation

s=Wx+b «~—
051_
awl_x
052

wix + by
wix + b,

wlx + b,

O] = ERan

0

) =1 e R
1

jth column

ds ‘/

— =[00x --- 0] € RE*"

—
)
&y

o|sjoixpcyetam




Partial Derivative (Jacobian Matrix) of Linear Equation
S; = wix + b,

T S1 WI W11 Wiz 0 Wiq *1 by

So =W>X+ Db _ | 52 | wEh [ W21 Wz ot Waq _ [ *2 p = b,

s=Wx+b «—— 2 2 2 S—<s> W—(f)-( ; ) *= s
. Sn w17; Wni Wn2 ° Wna Xd by

S, =wix+b,

051

M

@: w s - dxn
ox "’ — =W wz w] =W ER
dsy,

ox n

. (=) O|sjoxjcy ot
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Partial Derivative (Jacobian Matrix) of Sigmoid Function

Sigmoid function

For a scalar x

1 do(x) e ™ 1+e™ -1
ﬁ
1+e™> ox  (1+ e‘x)2 1+e™ 14+e*

o(x) = = (1 —-0(x))ox)

Similarly, for a vector s € R™*!

1 (1—=0(s1))o(s1) - 0
p=o0(s) = 5 P diag((1 —a(s))o(s)) = : :
Lte™ ’ o 0 (1= o(s))o(s)
orj=1,..,n

38 (= %\ O] 2} oy x}jj of




Partial Derivative (Jacobian Matrix) of Softmax Activation Function
* Softmax function <
ek

Pk = n
]:

score function <Sl> probability <p1>
52 1)
s=|". _
. p -
Sn Pn

e 1t order derivative of softmax function

op _diag(e®)- Y e’ —e(e®)" 1 eyey -0 etent - enien
ds X e%)? CCeNZ |\ g emyes] \esnesi e esnesn

S

€ :
IZ> p = - in vector form
n eS]

S.
] h
18 ]:1
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Partial Derivative (Jacobian Matrix) of Softmax Activation Function

op diag(e®)-Se%i—eSe)T 1 ([e"Te¥ 0 eies . e
ds (> e5i)2 (> e5i)2 0 o eSnYeSi eSneSl ... pSnpSn

Fora=0>, Fora # b
esa(z eSi — esa) eSaeSh
(Z esj)z — pa(l o pa) o (Z esj)z = ~PaPp |:> Dab = pa(Sab — pb) ) -

Oap = {0 otherwise

(=) o|stofx}cfi st
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Partial Derivative (Jacobian Matrix) of Regression Loss

For simplicity of notation, i is omitted here

L= (y—s)’=(y— Wx — b)? s=Wx+b W_(E) S_(;) b_(i;)
C T | L |
Si = W; X+ b, wl Sc be
:Z(yj _W]Tx_bj)z E> J J J C
j=1

e 1St order derivative

L

— 1 oL T
—j— —2(}1] —ij—b])x L Y —=-2(y—Wx—>b)x
= =2 Wx b

" (&) O| 2toj X} st
\‘S’/ EWHA WOMANS UNIVER
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Partial Derivative (Jacobian Matrix) of Regression Loss

For simplicity of notation, i is omitted here

L= (y—s)’= (y — Wx)? v %
C s = Wx W= :2 il

D (o~ wlx)? S
= yi— Wi X T
and J ) Sj =W X
j=1
e 1St order derivative
oL oL
— = 2(y; —wix)x D » = —2(v—Wx)xT
02 | -05| 01 2.0 56 1.1 0.2 -0.5 0.1 2.0 1.1 56
15 | 13 | 21 (a0 231| 4|32 | «— || 15| 13|21 00| 32 231
0 025 0.2 | -0.3 24 -1.2 0 0251 02 | 03| -1.2 24
%4 2 b w b 2
T; 1
42 T;




Neural Networks: Architectures

(Before) Linear score function: f=Wx+ b

(Now) 2-layer Neural Network:  f = Womax(0,W;x + b;) + b,

3-layer Neural Network:  f = W3;max(0, W,max(0, W,;x + b;) + b,) + b,

3072

W2
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Neural Networks: Architectures

“2-layer Neural Net”, or “3-layer Neural Net”, or
“1-hidden-layer Neural Net” “2-hidden-layer Neural Net”

output layer

tput layer
input layer input layer
hidden layer / hidden layer 1 hidden layer 2

“Fully-connected” layers

<
\

A

V4

G (o] 371
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Derivative of Neural Net using Chain Rules

 Example
1. 1-layer Neural Net (L2 regression loss)
2. 2-layer Neural Net (L2 regression loss)

3. 1-layer Neural Net (Softmax classifier)
4. 2-layer Neural Net (Softmax classifier)

(%) o|gfoixjryeta
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1. 1-layer Neural Net (L2 regression loss)

input layer

Output layer

1. Linearscore s=Wx+b «— Sj = WJ-Tx + bj

2. Activation function p =

3. Loss L = (z — p)*

T

S1 w3 W11 Wy o

52 T w w
s=|" W = M{Z _ 21 22:

Sn w;['l Wn1i Wna v

1

78 =T

46
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1. 1-layer Neural Net (L2 regression loss)

input layer

Output layer

Zq1 Ground truth

p1

Sigmoid | = -
\‘ Sso

S
\N
~

S
~
~
\\
~

1. Linearscore s=Wx+b «— Sj = w]-Tx + bj

2. Activation function p =

3. Loss L = (z—p)>

T

S1 w3 W11 Wy o

52 T w w
s=|" W= M{Z _ 21 22:

Sn w;['l Wn1i Wna v

1

7 =T

() o|gloixiy ot
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1. 1-layer Neural Net (L2 regression loss)

—

input layer
Output layer

1. Linearscore s=Wx+b «— Sj = w]-Tx + bj

1
2. Activation function = og(s) = ——
P (s) 1+e”5

3. Loss L = (z—p)>

T
S1 w1 W1 Wiz 0 Wyg by X1
S T w w W b Xo
G = :2 W= M{z _ 21 22: 2d b= :2 x=|"
Wni Wn2 *° Wpg bn Xd

bﬂ

Sn wn

Zq1 Ground truth

p1

Sigmoid | = -
‘\ \\\\

S
\N
~

S
~
~
\\
~

Zy Ground truth

~
~
~
~
~,
~
~
~

~
~
~
~,
~
~o
~

2
(Zn _ pn)
AF) o|ejojxTy e

&ES@/ EWHA WOMANS UNIVERSITY
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1. 1-layer Neural Net (L2 regression loss)

input layer

1. Linearscore s=Wx+b «— Sj = WJ-Tx + bj

2. Activation function p = g(s) =

Output layer

3. Loss L = (z — p)*

—

1

1+eS

In a vector form

dx1

49

S p
w > sigmoid |——
nxd
T nx1 nx1
b
nxi1

Groundtruth Z nx1

|

L2 Loss

We need to compute

gradients of W, b, s, p with
respect to the loss function L.

(=) O|oix|ljoty
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1. 1-layer Neural Net (L2 regression loss)

o__,

ap (z—p)

oL _apoL _ VoL,
jth column

oL _osdL_ oL _ 0'/ 0L _ (oL

ow; O0w;ds ]63_[ * ]63_ ds

dL

oL L
oW \ow,

ow,

dL

T
awn>

K
~ o5

T

-

In a vector form Groundtruth Z nx1
S . . p
x —>| W > sigmoid |——>| L2 Loss
nxd
dx1 ’I‘ nx1 nxi1
b
nxi1

(1 —0(s1))o(s1)(z1 —P1) ]
(1- 0(52))0.(52)(22 — P2)

)jx

(1 = 0(5))0(5) (Zn — P,

BL_asaL_aL
ob 0bds OJs

50

oL
=(1-0(s) ®als) ® p

®: element-wise multiplication

(a);: j™" element at vector a

(%) 0| stofxjryotim
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1. 1-layer Neural Net (L2 regression loss)

Summary

L 5

aL_apaL_l ? ()®6L
ds O0sop (1=a(s)) @ als op
oL _ aLxT

W 0Os

dL  dL

b~ 0ds

In a vector form Groundtruth Z nx1

|

§ . p
x —>| W > sigmoid |——>| L2 Loss
nxd
dx1 1‘ nx1l1 nx1l1
b
nx1

Note that the following derivative can also be
computed, but here x is an input data that is
fixed during training. Thus, it is not necessary
to compute its derivative.

dL 0dsOL - dL
= = W —_
dx 0x3ds das

(#) O| 3o xjrfj oty
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2. 2-layer Neural Net (L2 regression loss)

X —> W1
nxd
X dx1 T
. % . . b,
' nx1
output layer
input layer
hidden layer
oL  dp, OL oL
— — d. 1 —_— . . —_—
asl asl apl lag(( O-(Sl,]))o-(sl,])) apl
oL 9L . oL oL
— x —
oW, 0s; ob, 0s;

In a vector form

Ground truth Z mx 1

|

S 4] S? , , P2
5| sigmoid |— W, |—| sigmoid |—> |12 Loss
m n
nxl1 nxl1 T mXx1 mx1
b,
mx1
L )
apz - (Z pZ)
dL 0p, 0L oL
—_— —_— d' 1 —_— . . —
asz asz apz lag(( O-(SZ,]))O-(SZ,])) apz
oL L . oL oL
oW, 0ds, db, O0s,
dL  0ds, OL _WT oL
op, O0p,0s, * ds,
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3. 1-layer Neural Net (Softmax classifier)

input layer

1. Linearscore s =Wx+b «— s; = ijx + b;

Output layer

eS
2. Activation function p =
j=1€"
3. Loss L = —logp, where y satisfies

—

Z, =1

y

Forz = (21 25 ... zy)", 2z, = 1and zyxy, = 0

wi
w;

Wi

)-(

W11 Wy o
W1 Wpp o

Wn1 Wnpo

Wid
Wod

Wnd

B

by
b,

by,

|

;

X1
X2

Xd

|

In a vector form

dx1

53

S P
W > softmax | ——
nxd
T nx1 nx1
b
nxi1

Groundtruth Z nx1

|

Log
likelihood

We need to compute

gradients of W, b, s, p with
respect to the loss function L.

(=) O|oix|ljoty
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3. 1-layer Neural Net (Softmax classifier)

0 71 ythrow
oL I
g P
op /P>
0
D,
oL _opoL oL 1\Day|
ds dsdp op py| ¢
_Dny
jth column
oL  os L aL_[OO/ o2k _
ow; O0w;ds 'os X ds
>8L_ oL aL oL\ oL .
ow ~ \ow, ow, ow, ] s

)jx

In a vector form

softmax

S
x —> A"\ >
nxd
dx1 T nx1
b
nx1

Dgp = pa(6ab - pb)

5. = 1 a=>b
ab 0 otherwise

(a);: j™" element at vector a

6L_ 636L_6L
ob 0bds OJs

54

Ground truth Z

nx1

|

p Log
likelihood
nxl1
(F) olgtoixicyot
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Groundtruth Z nx1

3. 1-layer Neural Net (Softmax classifier) In a vector form
— s w2 softmax | —— | L8
X w 7| SoTftmax likelihood
dx1 1‘ nxl1 nx1
b
Summary X 1
[ 8 1 vyt row
dL
a_ = _1/py /
p :
0
Di,
dL O0padL oL 1 Dy,
s = 359 = Da— =—-——]| 7 |=P—2 Note that the following derivative can also be
p p Py D. computed, but here x is an input data that is
e fixed during training. Thus, it is not necessary
oL oL oL dL to compute its derivative.
T
= X - =
dJW Js db Os dL B ds dL _WT oL
dx 0xds  0s

(#) O| 3o xjrfj oty
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4. 2-layer Neural Net (Softmax classifier)

In a vector form Ground truth Z m X1
Sy P1 52 P2 Log
' i W softmax

x = Wi =) sigmoid |—| Tz T | likelihood

| dx1 T nx1 nx1 T mX1 mXx1

x . CA . pZ b1 bz mx 1
' W nxl1
output layer _ _
input layer 0 y*" row
hidden layer oL 0 /
S = _1/py
0
dL apz oL dL Dgp = 0a(8ap — Pb)
= =D—
ds;  0s; 0p; dp 1 _
5. = a=b>b
ab {0 otherwise
dL Jdp, OL , oL dL _ oL T
as1 = as1 apl = dlag((l — O-(Sl'j))o-(SLj))a_pl awz 652 P1

aL_aLxT aL_aL OL_OSZOL_ TaL aL_aL

0W; 0sy ob, 0s, op, Op,0s, > 0s, ob, 0s,
‘b Ot

)
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Full implementation of training a 2-layer Neural Network

import numpy as np
from numpy.random import randn

N, D_in, H, D_out = 64, 1000, 100, 10
X, y = randn(N, D_in), randn(N, D_out)
wl, w2 = randn(D_in, H), randn(H, D_out)

for t in range(2000):
h=1/ (1+ np.exp(-x.dot(wl)))
y_pred = h.dot(w2)
loss = np.square(y_pred - y).sum()
print(t, loss)

grad_y_pred = 2.0 x (y_pred - y)
grad_w2 = h.T.dot(grad_y_pred)

grad_h = grad_y_pred.dot(w2.T)

grad_wl = x.T.dot(grad_h * h % (1 - h))

wl —= le-4 *x grad_wl
w2 —-= le-4 *x grad_w2

N: batch size

D_in: input feature size

H: input feature size of the second layer
D_out: output feature size

X | W1 h|l W2 S

1000 100 10

Ground truth 'y

{

X— W; |—| sigmoid |—| W, |—>| L2loss

(—

&Y O pN8akeldm)]
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